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INTRODUCTION 
The classification of nilpotent elements in simple complex Lie algebras, 
under the adjoint action, is well known [S, 9, 31. 
In the present paper we complete this classification for absolutely simple 
real Lie algebras. Let go be such an algebra and so its complexification g is 
also simple. If g is of classical type then the classification of nilpotent 
elements of go is also well known {see, e.g., [4, 51). 
The solution of this problem when g is an exceptional algebra was made 
possible by the following two results. 
(1) Let r be an involutive automorphism of g,, such that go = g; -t- g;” 
is a Cartan decomposition of go, where g; (resp. go’) denotes the 
eigenspace of z (resp. -z) belonging to the eigenvalue 1. Extend z to an 
automorphism of g. Then we have g = g” -t g-‘. Let G be the adjoint group 
of g and G, (resp. G;) the connected Lie subgroup of G whose Lie algebra 
is go (resp. 9’). Some time ago Kostant conjectured that there is a bijective 
correspondence between the nonzero nilpotent G&-orbits in g-’ and the 
nonzero nilpotent Go-orbits in go, via the so-called Cayley transform. This 
conjecture has been proved recently by J. Sekiguchi [15] and the author 
f6] (independently, see also [12]). 
(2) Vinberg [ 16, 171 has discovered an effective method for classifying 
homogeneous nilpotent elements in semisimple graded Lie algebras. One 
should also mention here the important work [13] of Kostant and Rallis 
which preceded Vinberg’s work. In our context we use Vinberg’s method to 
classify the nilpotent elements in g--- ’ under the action of G; obtained by 
restricting the adjoint action of G. 
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NILPOTENT ELEMENTS 
When g, is a real form of g of inner type then g’ contains a Cartan 
subalgebra of g. In that case a somewhat simpler metho 
and ElaBvili [lg], can be used. In these cases the classification was carrie 
out in [7]~ 
The remaining two cases, when go is of type 
with in this paper. When applying Vinberg’s 
two different realizations of the affine Kac- 
crucial role. 
or 
It turns out that there are 23 resp. 2 nonzero nilpotent ~~-orbits in J&(61 
req. E6C--26j. These orbits are listed, together with some other ~erti~e~~ 
information, in Tables VIII and VII at the end of the p 
mention here that the last column in these tables gives isomor~~s~ 
type of the Lie algebra of a Levi factor of the centralizer in GO sf the 
corresponding nilpotent element of go. 
1. THE AUTOMORPHISMS z AND 'C'OF E, 
The Dynkin diagrams of simple complex Lie algebras E,, F4, C4, and of 
the affine Kac-Moody algebra E$,2) are shown in Table . The arrows are 
directed from a long to a short root. It is convenient for our purpose to use 
nonstandard indexing of simple roots as indicated in that table. 
In this section our purpose is to give an explicit description of two 
involutive automorphisms r and z’ of the simple complex Lie algebra 
type E, whose fixed point algebras are of type F4 and C,, respective~~~ 
also define some other important elements which will be used in the next 
TABLE I 
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section to describe two associated realizations of EL*). The reference for 
most of the facts that we will be using is [ll], especially Chapter 8. 
Thus let g be a simple complex Lie algebra of type E,, h a Cartan 
subalgebra of g, R the root system of (g, h), and B = ( cli: 1~ i 6 6 > a basis 
of R (see Table I). For 01 ER we write g” for the corresponding root space 
and a” for the corresponding coroot in h. We fix a Chevalley system 
{Xx: PER} of (9, h) and we write Xi instead of Xxi (see [3, Chap. VIII, 
Sect. 21 for the definition of Chevalley systems). Then for each root tl the 
triple 
is an &-triple in the sense that 
t-a”, x,1 = 2x0 [a”, X-J = -2x-,, [X,, Xp,] = -a”. 
Furthermore there is a unique involution w of g such that o 1 h = - 1 and 
o(X,)=X_, for all PER. 
Let ( 1 ) be an invariant symmetric bilinear form on g which we 
normalize (together with its restriction to lj and the form induced in the 
dual space h*) by requiring that (a 1 a) = 4 for all roots CI. 
By [3, Chap. VIII, Sect. 51 there is a unique involutory automorphism z 
of (g, lj) such that 7(X,) =X6, $X,)=X,, z(X,) = X,, and 7(X,) =X,. We 
shall denote by g’ (resp. g-‘) the eigenspace of z (resp. -7) which belongs 
to the eigenvalue 1. We also set lj’= h n g’ and lj-‘= h n g-‘. Since 
r(h) = h, we have h = h’ 0 h +. It is well known that g’ is a simple complex 
Lie algebra of type F4 and lj’ is a Cartan subalgebra of g’. The simple roots 
of (g’, h’) are 
and the corresponding coroots are 
,B; =a; +a;, j?$ =a$ +a:, p; =a;, and P,” =a:. 
We also define the root vectors Yi E (g’)“, 1 d id 4, by 
(2) 
Y,=X,+X,, Y2=X2+X5, Y3=X,, and Y4=X4. 
The restrictions of the form ( 1 ) to g’ and lj’ are nondegenerate and 
consequently we obtain an isomorphism v: h’ ---f (hT)* such that 
(Xl Y)=W)(Y) for x, reIj=. 
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As a g’-module, gP7 is simple with hig est weight (see [ 11, 
Proposition 8.2cj > 
60 = 2P, + 3PZ + 2P3 -i- a4, (4) 
which is also a short root of (g’, h”). Since ~(9’) = g’ and w I$‘= - 
at w((g-‘)“I = (s-*)-~ for every weight p of 9-I~ 
ce (gPT),, is orthogonal to all weight aces of g---r except 
me we can choose Y, E (g-“) -@O such t (YoIw(Yo))= -1. 
Then for XE lj’ we have 
which shows that 
consequently ( YO, - v-‘(O,), w( YO)) is an sl,-triple. T 
0 6 i < 4, generate g (see [ll, Corollary 8.23). 
e shall now make use of Kac’s cription of finite 
a~tomor~h~sms of g [ 11, Theorem S&j. s there exists a 
involutive automorphism r’ of g such t z’(YJ= Y, for i< 
e notations g”, gP”, 
of z’. The subalgebra g”’ is simple of type C, an 
s~~algebra of gT’. Let T be the to 
Choose zO E T such that zO( Yj) = 
view of (4) it follows that rO( Y,) = - Y,. This shows at z’=zzO=rOr a 
consequently h” = h’. 
The simple roots of g” are PO= -BO, PI, ,!3*, and b3 (see 
their coroots fl,” = -vP’(8,) and fly, 1~ i< 3, as given 
corresponding root vectors are Yi, 8 < i < 3. 
As a g”-module, g -” is simple with highest weight (see [IO, 
2. Two REALIZATIONS OF Ei2) 
We shall now describe two realizations of Ei2). 
afine Mac-Moody Lie algebra L(g) of type Ek’); ex 
L(g)=@cO@d@@[t, t-‘]@ 
where c is the canonical central element, d is the scaling el 
481.‘116,1-14 
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TABLE II 
Positive Roots in Z, 
1. 00001 7. 01100 13. 01111 19. 01321 
2. 00010 8. 00111 14. 00221 20. 02221 
3. 00100 9. 00210 15. 01211 21. 02321 
4. 01000 10. 01110 16. 02210 22. 02421 
5. 00011 11. 00211 17. 01221 23. 0243 1 
6. 00110 12. 01210 18. 02211 24. 02432 
@[t, t- ‘1 is the algebra of Laurent polynomials in one indeterminate t (see 
[I 1, Chap. 71 for details). By omitting the summand Cd in (5) one obtains 
the derived subalgebra of i(g) and then by factoring out the one-dimen- 
sional center Cc one obtains a Lie algebra denoted by L(g). 
The automorphism r of g defines an automorphism 2” of i(g) which fixes 
canddandactsonthesubspacetkOgofC[t,t-1]Ogas(-l)kOz.The 
fixed subalgebra of C will be denoted as in [11] by i(g, z). This algebra is 
Z-graded; the space i(g, r)k of homogeneous elements of degree k is 
L(g, r),, = Cc @ Cd@ 10 lj’ for k = 0 and L(g, z)~ = tk Q g(-*)kr for k # 0. 
By [ll, Theorem 8.71 L(g, z) is a realization of E&*) and the same holds 
for the analogously defined algebra l(g, r’). 
The algebra L(g, r) is obtained from i(g, z) in two steps: first omit the 
summand Cd and then factor out the center Cc. 
The Cartan subalgebra of L(g, z) is 
CC@Cd@ 1 @lj’. (6) 
The simple roots (see Table I) are defined as 
Y,(C) = 0 and yillQt)'=lQPi for OGii4, 
Y,(d) = 1 and Y,(d) = 0 for l<i<4. 
TABLE III 
Roots in Zl 
1. 12421 7. 13531 13. 12221 19. 11111 
2. 13321 8. 13432 14. 11321 20. 11210 
3. 12431 9. 13532 15. 12211 21. 11110 
4. 13421 10. 13542 16. 11221 22. 11100 
5. 12432 11. 13642 17. 12210 23. 11000 
6. 13431 12. 14642 18. 11211 24. 10000 
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TABLE IV 
Positive Roots in & 
1. 10000 5. 11000 9. OlllO 13. 11210 
2. 01000 6. 01100 10. 00210 14. 02210 
3. 00100 I. 00110 11. 11110 15. 12210 
4. 00010 8. 11100 12. 01210 16. 22210 
The corresponding coroots y; and root vectors Zj are given by 
y; =c+lO&, z,= t@ Y,, 
YY =10j:, zi=loY, for 1 b&4. 
by C the set of all real roots of i(g, r) and by C 
ng of those roots whose root spaces are contained 
C, is the root system of type F4 while Z1 can be identifi 
nonzero weights of the g’-module gm7. The positive roots 
Table II in terms of the basis yi, 0 < i 6 4. All the roots 
Table III. 
Since 4” = h’, (6) is also a Cartan subalgebra of L(g? r’). The simpk 
roots l/i of this algebra are defined as 
y((c) = 0 
y;(d) = 1 
and y;.~l@l)“=l@~, 
and y;(d) = 0 for o<i<3. 
The corresponding coroots y:” and root vectors .Z: are given by 
ri”=l@@, z; = I@ Yi for O<i<J, 
Yi” =c+1op;, z4= tcg Y4. 
TABLE V 
Roots in C; 
1. 24641 11. 22421 21. 13421 31. 12221 
2. 0243 1 12. 00211 22. 12431 32. 01321 
3. 2243 1 13. 24421 23. 23421 33. 11221 
4. 00221 14. 02211 24. 13431 34. 12211 
5. 24431 15. 22211 25. 23431 35. 01221 
6. 02221 16. 00001 26. 13531 36. 11211 
7. 22221 17. 22321 27. 23531 37. 01211 
8. 00011 18. 13321 28. 24531 38. 11111 
9. 24431 19. 12421 29. 02321 39. 01111 
10. 02421 20. 23321 30. 11321 40. ooi11 
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Deline 2” and ,2$ similarly as .Z and EC, were defined above. Then Zb is a 
root system of type C, and ,Zi can be identified with nonzero weights of the 
g”-module g-“. The positive roots of ,E’b and all the roots in Z; are listed 
in Tables IV and V, respectively, in terms of the basis yi, 0 < i < 4. 
3. AN OUTLINE OF VINBERG'S METHOD 
In this section we describe briefly Vinberg’s method of classification of 
homogeneous nilpotent elements in graded Lie algebras as applied to our 
case of the Z,-graded Lie algebra g = g’ @ g -‘. For all undefined terms that 
we use we refer to Vinberg’s papers [16, 171. 
Let G be the adjoint group of g and G; the connected Lie subgroup of g 
having g’ as its Lie algebra. By restricting the adjoint action of G we obtain 
an action of G; on g which preserves the gradation of g. This action lifts 
uniquely to an action of G;, on L(g, z) which preserves the Z-gradation. 
The canonical projection map p: L(g, r) --f g defined by p(tk 0 X) = X for 
XEg ~ ( ‘jkT is G;-equivariant. If s is a Z-graded (finite dimensional) semi- 
simple subalgebra of L(g, r) then p 15 is injective and p(s) is a Z-graded 
subalgebra of the Z,-graded algebra g. In this way one obtains a bijective 
correspondence between L-graded subalgebras of L(g, r) and those of g. 
To each nilpotent element XE g PT Vinberg associates a complete regular 
locally flat semisimple subalgebra of g which is called the carrier of X. The 
carrier is unique up to conjugacy by the centralizer of X in GA. Two 
nilpotent elements in g-” are conjugate under G; if and only if their 
carriers are conjugate under G;. Finally using the projection map p the 
problem of classifying the nilpotent elements in g-’ under the action of G; 
reduces to the problem of classifying the complete regular locally flat 
semisimple subalgebras 5 of L(g, z) under the action of G,. 
The Dynkin diagram of such a subalgebra B of L(g, z) is isomorphic to a 
subdiagram of the Dynkin diagram of E, c2). By inspection of the latter 
diagram (see Table I) and by consulting the list of all locally flat semi- 
simple algebras in [ 161 or [ 171 we obtain Table VI which lists all possible 
subalgebras B up to conjugacy by the Weyl group of Z. The tilde in this 
table means that the root system of the corresponding subalgebras is made 
up of the short roots of L(g, r). 
Let ~1 be one of the algebras in Table VI. Since 5 is locally flat, we have a 
fixed Z-gradation on 5, 
Let Z(s) be the root system of 5 with respect to a Cartan subalgebra 
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TABLE VI 
Types of Complete Locally Flat S&algebras of EL*) 
i. A, I. B, 
2. A; 8. A,+2A; 
3. A,+A; 9. A; 
4. 2.4; 10. ‘4,+.4; 
5. A* 11. A;+A, 
6. A; 12. &+A; 
13. B, 
14. C, 
55. C(i,2) 
16. A,+& 
17. A; +A, 
18. B,+A; 
contained in so. We let C,(s) be the set of roots whose root spaces are 
contained in Sk. If d(s) is the Dynkin diagram of 5 then d(s) = d,(s) w 
A,(s) where Ai = A(e) n C,(s), i= 0, 1. There is a uniq 
such that [If, X] = kX for XE By, k E Z. We say that 
element of 5. Let S be the adjoint group of B and SO the co 
subgroup of S with Lie algebra so. By restricting the adjoint action of S on 
B we obtain an action of S, on each sk. There is a unique open orbit for the 
action of S, on sl. If X belongs to this orbit then there exists YE 5 _ 1 such 
that (X, 2H, Y) is an sl,-triple. 
If XE g’ is a nonzero nilpotent element an 5 is its carrier then X6 c”~ 
and X belongs to the open orbit of S,, in sl. 
Let S: Z(s) -+ C be an embedding of root systems that f@(s)) is a 
closed set of roots and f( d i( 5)) c Z‘i for i = 0, 1. Such ermines a unique 
regular Z-graded subalgebra s(f) of L(g, z) isomorphic to 4; its r 
are the root spaces of L(g, r) corresponding to the roots in f ( 
such algebras s(f) and ~j(f ‘) are G;-conjugate if and only if 
some element ~1 of the Weyl group W,, of (g’, 
criteri ndeed let 1 @M resp. 10 H’ be the 
4Cf'l. s(f) and s(f ‘) are G$-conjugate if and only if 19 a 
-conjugate. It is known that every regular Z-gra ed s~bal~ebra of 
&(g, z) which is isomorphic to 5 is WO-conjugate to some s(f). 
4. MAIN RESULTS 
For each algebra 5 in Table VI we have computed all 
subalgebras (f) up to W,,-conjugacy. The computations were car 
on an IBM PC using STSC APL*PLUS software. As a result we obtai 
the following theorem. 
THEOREM I. There are only two nonzero ~i~pote~t @-orbits in gm” m 
listed in Table VII. 
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TABLE VII 
Nonzero Nilpotent Orbits in E6c-261 
1. 0001100001 A, 1 1 2 4 4 2 36 B3 50(7) 
2. 0002200002 AZ 1 2 4 10 14 16 8 28 Gz G-M, 
Since Z, consists of short roots only, it follows that only algebras 2,4, 6, 
and 9 of Table VI should be tested in the case of Theorem 1. 
By using the involution r’ instead of r we obtain, by the same method, 
the next theorem. 
THEOREM 2. There are 23 nonzero nilpotent Gr-orbits in g-” as listed in 
Table VIII. 
By using the Cayley transform (see [6, 7, 12]), we can reformulate the 
above two theorems as follows. 
THEOREM 3. Let g be a simple complex Lie algebra of type E, and go a 
real form of type E6C-Z26) resp. EsC6, of g. Then the number of nonzero 
nilpotent orbits, under the action of the adjoint group of go, is 2 resp. 23 and 
these orbits are listed in Table VII resp. Table VIII. 
We shall now describe in detail the contents of Table VIII (description of 
Table VII is similar). 
Let XE g-” be a nonzero nilpotent element representing one of the 23 
orbits of G;’ in g-“. In column 3 we give the isomorphism type of the 
carrier B of X. The tilde in this column has the same meaning as in 
Table VI. 
Choose HE g” and YE g -” such that (X, H, Y) is an &-triple. We may 
assume that HE $” and furthermore that P,(H) > 0 for 0 < i< 3. The 
integers P,(H), 0 < i < 3, determine uniquely the orbit Gg . X (see [13]) and 
are listed in column 1. 
If W is the Weyl group of (g, h), we choose H’ E W. H such that 
a,(H’) 3 0 for 1 d i < 6. The integers cr,(H’), 1 < i 6 6, determine uniquely 
the orbit G . X containing the orbit G;’ . X, and these integers are listed in 
column 2. In particular one can observe that G . Xn g -” is not always 
connected. 
By lifting the carrier 5 of X to L(g, 7’) and then to t(g, r’) we obtain a 
Z-graded subalgebra 6 of L(g, r’). The next four columns describe the 
embedding of 2 in t(g, 7’) by listing the roots in f(d(s)) (see Section 3). 
For that purpose we use the enumeration of roots given in Tables IV 
and V. For roots in d,(s) Table IV is used and otherwise Table V. 
Let Z? be the scaling element of the Z-graded subalgebra 8 of &g, r’). 
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Then in the next live columns of Table VIII we list the coordinates of the 
vector 2fi in terms of the simple coroots 7: *, 0 < i< 4, of i(g, r’) = EL*). 
The next two columns give the dimension of the centralizer of X in 8” 
and the isomorphism type of the Levi factor of this centralizer. The 
dimension was computed using [7, Lemma 23 and verified by using [ 13, 
Proposition 51. The dimension of the Levi factor was computed by using 
[7, Lemma 23 and its isomorphism type was determined by using [9] and 
[7. Table V]. A summand of the form Tk in the column for Levi factors 
indicates that the center of the Levi factor has dimension k. 
Finally the last column gives the isomorphism type of the Levi factor of 
the centralizer of x’ in go where X’E go is a nilpotent element which 
corresponds to X via Cayley transform. The center of this Levi factor is 
written as T,+ V, where T, (rcsp. V,<) is the abelian Lie algebra of 
dimension Y (resp. s) consisting of elements Z such that ad Z has only 
purely imaginary (rcsp. real) eigenvalucs. 
Remarks 1. I-‘rom the tables produced in [7] and in this paper one 
obtains an indepcndcnt verification of the part of [ 14, Theorem 1 ] which 
concerns the exceptional symmetric spaces. 
7 There exists a Cartan subalgebra of g contained in 9-I’. By *. 
[ 1, Theorem 1 ] this fact implies that every nilpotent G-orbit in g has 
noncmpty intersection with the subspace g “. This can be also verified by 
inspection of column 2 of our Table VIII. 
3. We have used [ 1, Theorem I] to obtain an independent verification 
of the fact that only two nonzero nilpotcnt G-orbits in g have nonzero 
intersections with gpr. 
4. If 4 is the locally flat algebra A, + A; of Table VI one finds that 
there exists an embedding f: z(s) -+ z satisfying the conditions listed in 
Section 2. It turns out that the corresponding subalgebra B of i(g, T’) is not 
complete; its completion is a locally flat algebra of type F,(e,). 
REFERENCES 
1. L. V. ANTONYAN, On the classitication of homogeneous elements of II-graded semisimple 
Lie algebras, Bulk/in of rhe Moscow Unir. No. 2, (lY82). 29-34. [in Russian] 
2. N. BOIJRBAKI, “Groupes et Algtbres de Lie,” Chap. IV, V, et VI, Hermann, Paris, 1968. 
3. N. BOUKBAKI, “Groupes et Algebres de Lie,” Chap. 7 et 8, Hermann, Paris, 1975. 
4. N. BLJKCOYNE ANI) R. CUSHMAN, Conjugacy classes in linear groups, J. Algebra 44 (1977), 
339 -362. 
5. D. 2. DJOKOVI~., J. PAERA, P. WINTEKNIT~, AND II. ZASSENHAUS, Normal forms of 
elements of classical real and complex Lie and Jordan algebras, J. Muth. Phys. 24, No. 6 
(1983), 1363-1374. 
6. D. 2. flo~ov~i., Proof of a conjecture of Kostant, Trans. Amer. Moth Sot. 302 (1987). 
577-585. 
NILPOTENT ELEMENTS 
7. D. 2. DoKovii$ Classification of nilpotent elements in simple exceptional real Lie algebras 
of inner type and description of their centralizers, .I. Algebra, 112 (1988), 503-524. 
8. E. B. DYNKIN, Semisimple subalgebras of semisimple Lie algebras, Muj. ,%. (hi..%) 30 
(1953), 349462 = Amer. Math. Sot. Transl. 6 (1957), 111-245. 
9. A. 6. ELASVXLI, The centralizers of nilpotent elements in semisimple Lie algebras, T&j; 
Tbiliss. Mat. Inst. Razmadze Akad. Nauk Gruzin. 46 (1975), 109-132. [in 
10. M. Gore AND F. D. GROSSHANS, “Semisimple Lie Algebras,” Dekker, Ne 
11. V. C. KAC, “Infinite Dimensional Lie Algebras,” BirkhTuser, Boston/Basel/Stuttgart, 
Cayley transform of a nilpotent conjugacy class in a real semisimple Lie 
13. B. KOSTANT AND S. RALLIS, Orbits and representations associated with symmetric spaces, 
Amer. J. Math. 93 (1971), 753-809. 
14. J. ~EKICUCKI, The nilpotent subvariety of the vector space associated to a symmetric pair, 
Pub/. Res. Inst. Math. Sci. 20 (1984), 155-212. 
15. J. SEKIGIJCNI, Remarks on real nilpotent orbits of a symmetric pair (information supplied 
by D. R. King in a letter to the author). 
16. E. B. VINBERG, On the classification of the nilpotent elements of graded Lie algebras, 
Dokiady Akad. Nauk SSSR 225 (1975), 745%748=Societ Math. Dokl. 16 (1975), 
1517~1520. 
17. E. B. VINEERG, Classification of the homogeneous nilpotent elements of a semisimple 
graded Lie algebra, Trudy Sem. Vektor. Tenzor. Anai. No. 19 (L979), 155-177 [in 
ussian], 
18. E. 5. VINBERG AND A. G. ELASVILI, Classification of tri-vectors of the Y-dimensional 
space, Trudy Sem. Vektor. Tenzor. Anal. No. 18 (1978), 197-233 [in 
